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1Ž .Given a subbifunctor F of Ext , , one can ask if one can generalize the
construction of the derived category to obtain a relative derived category, where
one localizes with respect to F-acyclic sequences. We show that this is possible if
and only if F is closed. We also show that for artin algebras the closed subbifunc-
tors correspond to Serre subcategories of a category of finitely presented functors
that vanish on projectives, and we use this to find new examples of closed
subbifunctors. Using relatively derived categories, we give a relative version of
Happel’s result on derived equivalences induced by tilting, and we show in an
example how this can be used to find ordinary derived equivalences.  2001
Academic Press
INTRODUCTION
Exact categories have recently appeared in several different contexts in
 representation theory of artin algebras. In a paper by Draxler et al. 10 it¨
is shown that such categories arise in the study of representations of
bimodules, as domains of certain reduction functors defined on categories
 of modules. Kerner 17 recently showed that they also appear when one
studies categories of regular modules over certain wild hereditary algebras.
 In their series of papers 46 Auslander and Solberg study relative
1Ž .homology in terms of subbifunctors of the functor Ext , . There is a
special kind of subbifunctor, called closed subbifunctors. These correspond
 to exact categories 8 . For closed subbifunctors Auslander and Solberg
1 The author thanks the Norwegian Research Council for support during the preparation of
this paper.
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 define relative cotilting modules. It is shown in 6 that the study of these is
closely connected to the study of ordinary partial cotilting modules and
 their complements. Therefore 7, 15 it is also connected to the well-known
homological conjectures for artin algebras, the generalized Nakayama
conjecture, and the finitistic dimension conjecture.
One of the main results of this paper is that the property of being closed
also appears naturally if one wants to generalize the construction of
derived categories to relative homological algebra, defined by subbifunc-
1Ž .tors of Ext , . It is well known and easy to see that it is sufficient for a
subbifunctor to be closed for this construction to work. We show that this
condition is also necessary.
Furthermore, we generalize Happel’s results on derived equivalence
induced by tilting to our relative setting, using the notion of relative
derived categories.
We also show that there is a 11 correspondence between the closed
1Ž .subbifunctors of Ext , and the Serre subcategories of the category of
finitely presented contravariant functors F from mod  to the category Ab
of abelian groups, such that F vanishes on projectives. Finitely presented
functors have been present in the study of artin algebras since Auslander’s
 La Jolla notes 1 and Auslander and Reiten used them to prove the
existence of almost split sequences in module categories of artin algebras
   2 . Later they were studied by Geigle 12 , leading to the definition of the
ŽKrullGabriel dimension of an artin algebra. More recently, Krause e.g.,
 .18 and others have used functor categories in the study of infinite
dimensional representations of algebras.
 In 10 it is shown that for algebras of finite type, the closed subbifunc-
tors are determined by the relative projective modules. As a consequence
of the correspondence between closed subbifunctors and finitely presented
functors, we show that this property characterizes algebras of finite type.
In the last section we present an example of a closed subbifunctor for an
algebra of infinite type. We also include a small example illustrating how
relative derived categories can be applied to find equivalences between
ordinary derived categories.
The main motivation of most of this work is the connections to and
possible applications in the representation theory of artin algebras. Some
results and notions are, however, more general and will be formulated for
small abelian categories.
Ž .Let A be a small abelian category, and let K A be the homotopy
Ž .category of complexes. The acyclic sequences in K A are a null-system.
Ž . Ž .The derived category D A is the localization of K A with respect to the
acyclic sequences. In general, when we have an additive subbifunctor F of
1Ž .Ext , , the corresponding system of F-acyclic complexes is not a null-
system. We show that the F-acyclic sequences is a null-system if and only if
CLOSED SUBBIFUNCTORS 409
F is closed in Section 2, after having given the necessary background
material and definitions in Section 1. In Section 3 we study closed
subbifunctors for artin algebras. We show the correspondence between the
closed subfunctors and the Serre subcategories of the category of finitely
presented functors that vanish on projectives. In Section 4 we specialize to
functors with enough projectives and injectives and look at relative cotilt-
 ing for artin algebras. We show the relative version of Happel’s result 14 ,
that tilting functors induce equivalences of derived categories. The last
section contains the examples.
1. PRELIMINARIES
In this section we remind the reader of results and notions of relative
homology and explain the notion of relative derived categories. This notion
 was studied earlier by Generalov 13 .
Let A be an abelian category. We consider additive subbifunctors
1Ž . opF Ext , : A  AAb, where Ab is the category of abelian groups.
From now on such functors are called just subbifunctors.
To each subbifunctor F corresponds a class of short exact sequences,
called the F-exact sequences. This class is closed under the operations of
Ž .pushout, pullback, and direct sums and hence Baer sums . On the other
hand, if we have a class of short exact sequences closed under these
operations, then this gives raise to a subbifunctor. If the sequence 0
f g
X  Y  Z 0 is F-exact, then f is called an F-monomorphism and g
is called an F-epimorphism. An object X is called F-projectie if the
Ž .functor F X,  0, and the full subcategory of all F-projectives is de-
Ž . Ž .noted P F . The F-injecties I F are defined dually. We recall the
 definition of an exact category 16 . Let B be an additive category with
i dŽ .split idempotents. A pair i, d of composable morphisms X  Y  Z is
called exact if i is a kernel of d and d is a cokernel of i. Let E be a class
Ž .of exact pairs called conflations closed under isomorphisms. The maps i
Ž .and d appearing in a pair i, d are called inflations and deflations,
respectively. The category B is said to be exact with respect to E if the
following axioms are satisfied:
E1. The composition of two deflations is a deflation.
Ž . Ž .E2. For each f in B Z, Z and each deflation d in B Y, Z , there
Ž . Ž .is a Y  in B, an f  in B Y , Y , and a deflation d in B Y , Z such that
df  fd.
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E3. Identities are deflations. If de is a deflation, then so is d.
E4. Identities are inflations. If ji is an inflation, then so is i.
 A subbifunctor is called closed if the following equivalent 8, 10 state-
ments hold.
1. The composition of F-epimorphisms is an F-epimorphism.
2. The composition of F-monomorphisms is an F-monomorphism.
Ž .3. For each object X the functor F X, is half exact on F-exact
sequences.
Ž .4. For each object X the functor F , X is half exact on F-exact
sequences.
5. The category A with respect to the F-exact sequences is an exact
category.
Ž .  Given a full subcategory X , it is shown in 4 that if for any pair of
Ž . objects A and C in A we define F C, A  0 A B C 0 X
Ž . Ž . 4Hom X , B Hom X , C  0 is exact , then this is a closed subbifunctor.
Ž .Let K A be the homotopy category of complexes. The objects are
Ž .complexes, and the maps are chain maps of degree 0 , where two chain
maps are considered equivalent if they are homotopic. It has the structure
of a triangulated category, where the triangles are formed in the following
way. Let h: X  Y  be a chain map, where X  and Y  have differen-
    Ž .   tials  and  . Then there is a triangle X  Y  cone h  X 1
 and all triangles are isomorphic to a triangle of this form. Here 1 denotes
Ž .the shift functor. Let cone h be the mapping cone; it is a complex with
Y n X n	1 in degree n, and differential
 n
1 hn .nž /0 

To simplify notation we usually write h h for chain maps.
A complex A with differential   is called F-acyclic if for each n the
induced complex 0 Im  n
1 An Im  n 0 is an F-exact se-
Ž . Ž .quence. A map h in K A is called an F-quasi-isomorphism if cone h is
an F-acyclic complex.
If the class of F-acyclic complexes is closed under the operation of
mapping cone, then we call F a triangulated subbifunctor. In this case the
Ž . Ž .class of F-acyclic complexes is a null-system in K A and, since K A is a
triangulated category, the class of F-quasi-isomorphisms is a multiplicative
Ž .system. We can then localize with respect to this system. Let D A be theF
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Ž . Ž .localization. The objects are the same as for K A . A map in D A fromF
  Ž  . a complex X to a complex Y is a triple Z , f , g where Z is a
complex, f : Z  X  is an F-quasi-isomorphism, and g : Z  Y  is a
Ž . Ž  . Ž  .map in K A . Two such triples Z , f , g and V , f , g  are equivalent if
there is a complex W  and a commutative diagram
Z 

gf 
 h
  WX Y
f  g 

V
where h is an F-quasi-isomorphism. With this construction
Ž  .Hom X , Y is an abelian group, where the sum of two mapsD Ž A .F
Ž  . Ž  .Z , f , g and V , f , g  can be constructed in the following way: Since
the class of F-quasi-isomorphisms is a multiplicative system, the diagram
Z 

f
 

V X
f 
can be completed to a commutative diagram
s
 

U Z
 
fs
 

V X .
f 
where all maps are F-quasi-isomorphisms. The sum of the two maps can
Ž  .then be represented by the triple U , fs, g s	 gs .
When F is triangulated, one also considers the full triangulated subcate-
	Ž . 
Ž . bŽ .gories D mod  , D mod  , and D mod  of the relative derivedF F F
category, where the objects are respectively right bounded, left bounded,
and bounded complexes.
 In diagrams involving complexes we simplify notation by letting X i
denote the stalk complex with the object X in degree 
i. We use the
same sloppy notation for a chain map to or from a stalk complex.
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2. RELATIVE DERIVED CATEGORIES
The main result in this section is that a subbifunctor is triangulated if
and only if it is closed. If F is a closed subbifunctor, then by the property 5
in Section 1 we can consider A as an exact category, with the F-exact
 sequences as conflations. Following Neeman 19 we can construct the
derived category of A considered as an exact category, and this category
Ž .  will be the same as our D A . Generalov also shows this in 13 . For theF
convenience of the reader we show how to prove that a closed subbifunc-
tor is triangulated, using the following easy observation. A subbifunctor is
said to have the 3 3-lemma property if for every exact commutative
3 3-diagram
0 0 0
  
   
0 A A A 01 2 3
  
   
0 B B B 01 2 3
  
   
0 C C C 01 2 3
  
0 0 0
where the first and third row and all the columns are F-exact, also the
second row is F-exact.
LEMMA 2.2.1. A subbifunctor has the 3 3-lemma property if and only if
it is closed.
Proof. Assume F is closed. Then A has the structure of an exact
category where the conflations are the F-exact sequences. Then Freyds
  Ž  .embedding theorem 11 see also 16 gives an exact embedding of this
exact category into an abelian category B, sending only F-exact sequences
in A to exact sequences in B. But since the 3 3-lemma is true in any
abelian category it also holds for closed subbifunctors.
Assume F is not closed. Then there are two F-exact sequences 0 A
 B C 0 and 0 A CD 0 such that the composition B
 CD is not an F-epimorphism. Therefore we have a commutative
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diagram
0 0
 
A A
 
   
0 A B D 0
 
   
0 A C D 0
 
0 0
with F-exact columns and first and last rows, and such that the middle row
is not F-exact.
With this we can show one direction of our main result.
PROPOSITION 2.2.2. If F is a closed subbifunctor, then it is triangulated.
Proof. Let h: X  Y  be a chain map between F-acyclic complexes
Ž  . Ž  .X ,  and Y ,  . It is easy to see that it gives rise to a commutative
diagram
0 0 0
  
n
1 n n   0 Im  Y Im  0
  
n n	1n
1 n  h h n n	1   0 Im Y  X Im 0n n	1ž / ž /0 
 0 

  
n n	1 n	1   0 Im  X Im  0
  
0 0 0
where all rows and columns are exact. Since the first and third row and the
second column are F-exact, we claim that also the first and third column
are F-exact. This is most easily seen using the axioms for exact categories;
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if a composition fg is an F-epimorphism, then f is an F-epimorphism.
There is also a dual axiom. Combining this with the fact that a composition
Ž . Žof F-epimorphisms F-monomorphisms is an F-epimorphism F-mono-
.morphism , the claim follows. Therefore, using the preceding lemma, it
Ž .follows that the middle row is F-exact. This means that cone h is
F-acyclic.
For the other direction we need to show that for any object X in A the
Ž .functor F X, is half exact on F-exact sequences when F is triangulated.
To prove this we use the following:
1Ž .PROPOSITION 2.2.3. Let F be a triangulated subbifunctor of Ext , .
Ž .For any pair of objects X and Y there is a group isomorphism  : F X, YX , Y
Ž  .Hom X, Y 1 functorial in both ariables.D Ž A .F
Ž .Proof. First we want to define a map    : F X, Y X , Y
Ž . .Hom X, Y 1 . Let 0 Y A X 0 be a representative forD Ž A .F
Ž . Ž . F X, Y . Then we define   to be the equivalence class of
0 Y A 0
 X  Y 1
where the maps are the obvious ones. If we have another representative
0 Y A X 0, the diagram
   
0 Y A X 0

   
0 Y  A X 0
gives rise to a commutative diagram
0 Y A 0
   0 Y A 0X Y 1

0 Y A 0
Thus  is well defined.
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We show that  is a bijection by defining an inverse 	 . Let 
 in
Ž  .Hom X, Y 1 be represented byD Ž A .F
Z
 
gf
 X Y 1
where Z  is a complex with differential  . Then the mapping cone of f is
an F-acyclic complex

 0Ž .
1f
1 Ž .
 0

1 0 1 2  Z  Z  Z  X  Z  
Especially, the sequence

 0
1 00 Im   Z  Im  0ž /f
is F-exact, and we have a commutative diagram
f 0inc Ker 
1 0   0 Im  Ker  X 0
 
inc
0

1 0   0 Im  Z Im 0ž /f
such that  : 0 Im 
1Ker  0 X 0 is F-exact. Since g
2  0
and 0 Im 
2 Z
1 Im 
1 0 is exact, we have induced a unique

1 
1 Ž .map g : Im   Y such that g g . Now, define 	 
 to be the
equivalence class of the pushout  of   with g :
f 0inc Ker 
1 0   0 Im  Ker  X 0
 
g
   
0 Y T X 0
First we show that 	 is a well-defined map. For this it is enough to show
the following. If h: V  Z  is an F-quasi-isomorphism, where V  is a
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complex with differential  , then 	 applied to the map 
  represented by
V
 
fh gh
 X Y 1
Ž .is equal to 	 
 . The chain map h induces a commutative diagram with
F-exact rows
inc
1 0   0 Im  Ker  X 0
 
0 0
1 0h  h Im  Ker 
inc
1 0   0 Im  Ker  X 0
Extend this diagram by taking pushouts to a diagram
   
0 Y T  X 0 

1gh
inc
1 0   0 Im  Ker  X 0
 
0 0
1 0h  h Im  Ker 
inc
1 0   0 Im  Ker  X 0
 
g
   
0 Y T X 0
We then obtain that the upper and the lower sequences are equivalent,

1 0Ž . Ž .
1since gh  g h  . But the upper sequence represents 	 
  , so 	Im 
is well defined.
Next, we show that  and 	 are inverse bijections. It is easy to see that
	 1.
Ž  .Let 
Hom X, Y 1 be represented byD Ž A .F
Z
 
gf
 X Y 1
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 Ž .where Z is a complex with differential  and let 	 
 be represented by
Ž .: 0 Y T X 0 constructed as above. Then   is
0 Y T 0
  X Y 1
Let V  be the truncated complex
  Z
2 Z
1Ker  0 0 
and let V  Z  be the induced map. Let V  X be the composition
with Z  X. This map factors through the map from 0 Y T 0 to
X. To see this consider the pushout diagram in the definition of 	 .
Therefore the diagram
0 Y T 0
   VX Y 1

Z
commutes. The map V  X is an F-quasi-isomorphism; also this follows
by considering the pushout diagram used in the definition of 	 . This shows
that  is a bijection.
Ž .The group structure of F X, Y is the usual Baer sum, and the group
Ž  .structure of Hom X, Y 1 is given in Section 1. Let 0 Y A XD Ž A .F
 0 and 0 Y B X 0 be representatives of respectively  andA
Ž . in F X, Y . Form the sum    and take pullback with theB A B
diagonal map : X X X and then pushout with the codiagonal map
: Y Y Y to form the diagram
   
0 Y T X 0 

   
0 Y Y T  X 0
 

   
0 Y Y A B X X 0
Then  	  is represented by 0 Y T X 0. Since  and A B A B
are F-exact, all the short exact sequences in the diagram are F-exact.
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From this diagram we can construct the following diagram:
0 Y Y T  0

0 Y Y T  0 0 Y Y A B 0



    Y 1  Y 1X
 
0 Y Y A B 0  
      Y 1Y 1  Y 1X X X
Using the categorical definition of sum using diagonal and codiagonal
maps, it is easy to see that this corresponds to the definition of sum, given
Ž . Ž . Ž .in Section 1. So this diagram represents the sum   	   in D A .A B F
Ž .That this map is equivalent to   	  , which is represented byA B
0 Y T 0
 
gf
 X Y 1
follows from the commutative diagram
0 Y Y T  0
   0 Y Y T  0X Y 1

0 Y T 0
It remains to show that the isomorphism is functorial in both variables.
We show that it is functorial in the second; the arguments for the first are
similar. Let t: Y Y  be a map in A. We show that the following diagram
commutes:
Ž .F X , t Ž . Ž .F X, Y F X, Y 
 
 X, Y X , Y 
Ž .Hom X , t Ž  . Ž  .Hom X, Y 1 Hom X, Y  1D Ž A . D Ž A .F F
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Ž .Let 0 Y A X 0 represent an element  in F X, Y ; then
Ž .Ž .F X, t  is the pushout by the map t
   
0 Y A X 0
 
t
   
0 Y  A X 0
Ž .Ž .Then  F X, t  can be represented byX , Y 
0 Y  A 0
  X Y  1
Ž . Ž .and Hom X, t   can be represented byD Ž A . X , YF
0 Y A 0
 
t
 X Y  1
and these are easily seen to be equivalent.
With this isomorphism we can show the other direction in our main
theorem.
THEOREM 2.2.4. A subbifunctor is triangulated if and only if it is closed.
Proof. We have already seen that closed subbifunctors are triangu-
lated. Assume F is a triangulated subbifunctor, and let 0 A B C
Ž . Ž  . 0 be an F-exact sequence. Let u in F C, A Hom C, A 1 beD Ž A .F
the element corresponding to this F-exact sequence. Then there is a
u   Ž . Ž .triangle A B C  A 1 in D A . Since D A is a triangulatedF F
Ž .category we have that for any object X in A the functor Hom X, isD Ž A .F
a cohomological functor. Thus the result follows using the functorial
isomorphism in Proposition 2.2.3.
 With this result and the observation 8 that the family of closed
subbifunctors is closed under arbitrary intersections, we can define the
relatively derived category for any subbifunctor F, using the closure of F.
3. CLOSED SUBBIFUNCTORS AND FINITELY
PRESENTED FUNCTORS
In this section let  be an artin R-algebra over a commutative artinian
 ring R. It is shown 10 that for algebras of finite type a subbifunctor F is
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Ž .closed if and only if it is of the form F F as defined in Section 1 forX
some subcategory X of mod . We show that this actually characterizes
algebras of finite type. We also show that there is a 11 correspondence
1Ž .between the closed subbifunctors of Ext , and the Serre subcategories
of the category of finitely presented functors from mod op to Ab vanish-
ing on projectives.
Ž . Ž .For simplicity, we use A, B to denote Hom A, B when A and B
Ž .are in mod , and we use , B to denote the contravariant functor
Ž .Hom , B from mod  to Ab. A contravariant functor G is called finitely
presented if there is an exact sequence
, A  , B G 0Ž . Ž .
with A and B in mod . We denote the category of finitely presented
ŽŽ .op .contravariant functors f.p. mod  , Ab by F. This is an abelian category
 with projective covers and global dimension at most two 1 . A subcategory
S of an abelian category A is called a Serre category if it is closed under
the formation of extensions, subobjects, and quotients. If  : 0 A B
 C 0 is an exact sequence in mod , the contravariant defect functor
Ž . Ž .* is defined by the exact sequence of functors 0 , A  , B 
Ž ., C  * 0.
Ž . Ž .Let G be a functor in F such that G   0, and let 0 , A 
Ž . Ž ., B  , C G 0 be a projective resolution in F. Then 0 A
B C 0 is an exact sequence in mod  with contravariant defect
functor G. Thus, given a Serre subcategory S of F, the class S  S
 Ž . 4 Ž .G F G   0 corresponds to a class of exact sequences F S . On
Žthe other hand, any exact sequence  gives rise to a functor * the defect
. 1Ž .functor . A subbifunctor F of Ext , therefore corresponds to a subclass
Ž .S of F, and obviously F S  F and S  S .F F F Ž S .
Our first result is that the closed subbifunctors correspond to the Serre
subcategories. To prove this we need the following lemma.
LEMMA 3.3.1. Assume we hae the following pullback diagram:
   
0 A B C 0
 
f
   
0 A B C 0
 
D D
 
0 0.
Then there is an exact sequence of functors
0 * * 
* 0,
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where  is the exact sequence in the upper row,  is the middle row, and 
 is
the exact sequence 0 B B C C 0. If f is a monomorphism,
there is also an exact sequence of functors
0 
* * * 0,
where  and  are the exact sequences in the second and third column in the
pullback diagram.
Proof. The sequence 
 is a pushout of  by the map A B. The
first part of the lemma follows by considering the corresponding exact
commutative diagram of functors
0 0
     Ž . Ž . Ž .0 , A , B , C * 0
      Ž . Ž . Ž .0 , B , B C , C 
* 0
  
Ž . Ž ., C , C 0
 
* 0

0
The second part of the lemma follows from the diagram of functors
0 0 0
      Ž . Ž . Ž .0 , A , B , C * 0
      Ž . Ž . Ž .0 , A , B , C * 0
 
Ž . Ž ., D , D
  
* * 0
 
0 0
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We are now ready to show the promised result.
Ž . Ž .PROPOSITION 3.3.2. a Let S F be a Serre subcategory. Then F S
1Ž . Ext , is a closed subbifunctor.
Ž . 1Ž .b Let F Ext , be a closed subbifunctor. Then S  F is a F
Serre subcategory.
Ž . Ž .c The map S F S is a 11 correspondence between the closed
subbifunctors of the extension functor and the Serre subcategories of F
 Ž . 4G F G   0 with inerse F S .F
Ž .Proof. For part a let S be a Serre subcategory. First we show that
Ž .F F S is a subbifunctor. That F is closed under pullbacks follows from
part one of Lemma 3.3.1. It is easy to see that if  is a pushout of  , then
* is a factor of *. Since F is obviously closed under direct sums, it is a
subbifunctor. To show that F is closed, let  : 0 A B C 0 and
 : 0 B BD 0 be two F-exact sequences and consider the
following diagram:
0 0
 
   
0 A B C 0
 
f
   
0 A B C 0
 
D D
 
0 0
Then by the second part of Lemma 3.3.1, there is an exact sequence of
functors 0 * * * * 0, where  is the sequence 0 A
 B C 0, and  is the sequence 0 C* CD 0. But then 
is F-exact since S is closed under subobjects and extensions. This finishes
Ž .the proof of a .
Ž .To prove part b let F be a closed subbifunctor and consider an exact
sequence 0G G G  0 of functors in F. We need to show1 2 3
Ž .that G and G are in S if and only if G is. It is clear that G  1 3 F 2 1
Ž . Ž . Ž .G   0 if and only if G   0, so we assume that G   0 for3 2 i
i 1, 2, 3. Then there are exact sequences 
 ,  , and  in mod  such that
G  
*, G  *, and G  *. Now choose minimal projective resolu-1 2 3
tions for 
* and * and use the horseshoe lemma to complete the exact
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commutative diagram
0 0 0 0
   
    Ž . Ž . Ž .0 , A , A , A 
* 01 2 3
   
    Ž . Ž . Ž .0 , B , B , B * 01 2 3
   
    Ž . Ž . Ž .0 , C , C , C * 01 2 3
   
0 0 0 0
Consider the corresponding exact commutative diagram of modules
0 0 0
  
   
0 A A A 01 2 3
  
   
0 B B B 01 2 3
  
   
0 C C C 01 2 3
  
0 0 0
In this diagram all the columns are split exact. Since F is closed, the
Ž .3 3-lemma property as defined in Section 2 can be applied to show
that if the upper and the lower rows are F-exact also the middle row is
F-exact. This means that S is closed under extensions. If the middle rowF
is F-exact, then the composition A  B  B  A  A  B is an1 1 2 1 2 2
F-monomorphism. Then A  A is an F-monomorphism, and by a dual1 2
argument C  C is an F-epimorphism. This shows that S is also2 3 F
closed under subobjects and quotients.
Ž . Ž . Ž . Ž .Part c follows immediately from a and b using that F S  F andF
S  S .F Ž S .
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Using this result it is now easy to show that for any algebra  that is of
infinite type, there is a closed subbifunctor that is not of the form F FX
for any category X . Let F be the subcategory of F consisting of the0
functors of finite length. This is obviously a Serre subcategory, and
Ž .therefore F F is a closed subbifunctor. If  is an almost split sequence,0
then * is a simple functor, such that all almost split sequences are in
Ž .  F F . We apply the following proposition from 4 .0
PROPOSITION 3.3.3. Let F be any subbifunctor. An indecomposable non-
Ž .projectie module M is in P F if and only if the almost split sequence ending
in M is not F-exact.
Ž .This means that the relative projectives for F F are just the ordinary0
 projectives. Another fact 4 needed to prove the promised characterization
of algebras of finite type is that if a subbifunctor F is of the form F F ,X
Ž . Ž . Ž .then P F  XP  . The category P  denotes the ordinary projec-
1Ž .tives. Obviously we have F  Ext , .P Ž . 
THEOREM 3.3.4. An artin algebra  is of finite type if and only if any
closed subbifunctor F is of the form F F for a subcategory X of mod .X
Proof. Assume  is not of finite type. By the above it is sufficient to
Ž . 1Ž .show that F F  Ext , . Let  be the sequence 0 rr0 
 0, where r is the radical. For any nonprojective module M the defect
Ž . Ž .* M will be nonzero and therefore l *  . The other direction is
 proven in 10 .
We end this section with some remarks about the Krull-filtration and
Krull-dimension of an artin algebra.
When S is a Serre subcategory of an abelian category C , we can
construct a quotient category CS , which is also abelian. Let F and F0
be defined as earlier, form the quotient FF , and let F F consist of all0 1 0
object from FF having finite length. Repeat this procedure to obtain a0
chain
0 F  F    F0 1
which is called the Krull-filtration of F. If there is an n such that F  F,n
this n is called the Krull-dimension of F and of . It is well known that an
algebra is of finite type if and only if it has Krull-dimension 0. We observe
that this gives an alternative way to prove Theorem 3.3.4 using Proposition
3.3.2.
 There are known examples of algebras with Krull-dimension 2; see 12 .
Thus, the Krull-filtrations of these give more examples of closed subbi-
functors.
CLOSED SUBBIFUNCTORS 425
4. SUBBIFUNCTORS WITH ENOUGH
PROJECTIVES INJECTIVES AND RELATIVE COTILTING
 Relative cotilting was introduced by Auslander and Solberg in 5 . In this
section we show that a relative cotilting functor induces an equivalence
between a relative derived category and an ordinary derived category.
Let  be an artin algebra. In this section we consider subbifunctors with
enough projectives andor injectives. For a full subcategory Y of mod ,
Y  Ž . Ž .let F  0 A B C 0 Hom B, Y Hom A, Y  0 is ex-
4  act . The following summarizes some results we need from 4 .
PROPOSITION 4.4.1. Let F be a subbifunctor.
Ž . Ž .a F has enough projecties if and only if F F and P F isP Ž F .
contraariantly finite in mod .
Ž . I Ž F . Ž .b F has enough injecties if and only if F F and I F is
coariantly finite in mod .
Ž .c If there is a finite number of indecomposable relatie projecties
Ž .injecties up to isomorphism, then there is also a finite number of relatie
Ž .injecties projecties , and these numbers are the same.
The following is proved just as in the absolute case, using relative
projective covers.
PROPOSITION 4.4.2. Let F be a subbifunctor with enough projecties.
bŽ . 
, bŽ Ž ..The categories D mod  and K P F are equialent as triangulatedF
categories.
i Ž . Ž  .Let Ext X, Y Hom X, Y i . When F has enough projectives orF DF
injectives, we could alternatively use relative projectiveinjective resolu-
i Ž .tions to define Ext X, Y . Let F be a subbifunctor with enough injec-F
tives. Let T in mod  be called an F-cotilting module if the relative
i Ž .injective dimension is finite, Ext T , T  0 for all i 0, and for anyF
relative injective I, there is an F-exact sequence 0 T    T  Tr 1 0
 I 0 with the T in add T. The following is the relative version of thei
   well-known result by Happel 14 and Cline et al. 9 .
PROPOSITION 4.4.3. Let T be an F-cotilting module in mod  and let
Ž . Ž . End T . Then the functor Hom , T : mod mod  induces a 
bŽ . bŽ .duality between the triangulated categories D mod  and D mod  .F
Proof. The number of indecomposable nonisomorphic summands in T
is the same as the number of indecomposable nonisomorphic relative
 injectives 5 . By Proposition 4.4.1, there exists a module G in mod  such
Ž . Ž .  that add GP F . Let  End G . Then, by 6 , the -module
ASLAK BAKKE BUAN426
Ž .Hom G, T is an ordinary cotilting module, and there is an isomorphism
Ž . Ž Ž .. Ž .of functors Hom , T Hom , Hom G, T Hom G, . Clearly, the   
Ž . Ž .restriction Hom G, : add GP  is an equivalence, and it induces an

, bŽ Ž .. 
, bŽ Ž ..equivalence of triangulated categories K P F and K P  
bŽ . Ž Ž ..D mod  . Furthermore, since Hom , Hom G, T is a cotilting functor,
b bŽ . Ž .it induces a duality from D mod  to D mod  .
5. EXAMPLES
In this section we present an example of a closed subbifunctor that is
not of the form F F for the Kronecker algebra. This is a tameX
 hereditary algebra, and using the work of Geigle 12 , this can be general-
ized to an arbitrary algebra of this type. We also include a small example
of relative cotilting, chosen to demonstrate how relative derived equiva-
lence can be applied to find derived equivalences between ordinary de-
rived categories.
EXAMPLE 1. Let k be an arbitrary field, and let  be the quiver
 
The Kronecker algebra is the path algebra  k. This is a tame heredi-
 tary algebra. For details about the module theory of this category, see 3 .
There are three types of indecomposable modules: the preprojective
modules, the preinjective modules, and the regular modules. Let F
1Ž .Ext , be the subbifunctor containing all exact sequences with con-
travariant defect functor of finite length, as defined in Section 3. Then it is
easy to see an exact sequence is F-exact if and only if it is a sum of exact
sequences of the form 0 X Y Z 0 where either X, Y, and Z are
all preprojectives, they are all preinjectives, or they are all regular mod-
ules.
EXAMPLE 2. Let k be a field and let  be the quiver
   
Let  k be the path algebra. There are six indecomposable modules
Ž . Žup to isomorphism. They have dimension vectors I  1 0 0 , I  1 11 2
. Ž . Ž . Ž . Ž .0 , I  1 1 1 , S  0 1 0 , S  0 0 1 , and P  0 1 1 .3 2 3 2
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The AuslanderReiten quiver of this algebra is
I 3

P I 2 2
 

S S I3 2 1
I Ž F . Ž . Ž .Let F F be the subbifunctor with I F  add I  I  I  P .1 2 3 2
Ž . Ž .The relative projectives are P F  add S  P  I  I . In this rela-3 2 1 2
tive theory both T I  I  I  P and U P  I  S  I are1 2 3 2 2 3 2 2
relative cotilting modules. This means that the derived categories of the
Ž . Ž .endomorphism algebras   End T and   End U are equiva-T  U 
lent, since they are both derived equivalent to the relative derived category
with respect to the subbifunctor F. The path algebra of  isT
 

     
with the relation 
 0 and the path algebra of  isU





 
 

with the relation 

  0.
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